It is proposed that quantum computation can be implemented on the basis of macroscopic quantum coherence of a many-particle system, especially the Bose-Einstein condensates. We suggest that a qubit can be represented by the condensate order parameter though it is in general not a pure state.
Because of "quantum parallelism" due to superposition and entanglement of quantum states, a quantum computer is much more efficient than a classical computer in solving certain problems [1] . Experimental implementations are pursued or proposed in various physical systems. Nevertheless, whether a quantum computer, based on fundamental quantum mechanics, can solve all problems in class NP was shown to be unlikely to be resolved without a major breakthrough in complexity theory [2] . On the other hand, Abrams and Lloyds (AL) found that supplemented by nonlinear quantum gates, a quantum computer can solve NP-complete and #P problems in polynomial time [3] .
In the proposed implementations of quantum computation [1] , a qubit is represented by the pure state of a single or a few individual particles. The purpose of this paper is to suggest that in principle quantum computation can be implemented in terms of the condensate order parameter of a Bose-Einstein condensate, often called macroscopic "wavefunction", which is in general not really the wavefunction, i.e. probability amplitude of a pure state, but rather a thermal average quantity with spontaneous gauge symmetry breaking. Some authors refer to it as a classical field. But this is a peculiar mixed state with quantum coherence. The condensate order parameter is similar to a pure state regarding many coherent properties, and reduces to the pure state at the limit of zero temperature and zero interaction. The relative phase between "two" condensates appears to be robust towards the couplings to the environment [4] , e.g. the time scale for phase diffusion can be longer than 100 ms as found in recent experiments [5, 6] . We suggest that a condensate can represent a qubit as far as a two-state system is constructed. Compared with the pure state of individual particles, macroscopic quantum coherence has such advantages as easier manipulation in some circumstances, being robust against microscopic details. Furthermore, the evolution of the condensate order parameter is nonlinear if there are interactions between the particles composing the condensate, hence in principle one may use this nonlinearity to realize nonlinear quantum gates so that the NP-complete and #P problems may be solved.
For a Bose gas consisting of many bosons, one can define a boson field operatorψ(x) = kâk u k (x), where k is the momentum,â k is the annihilation operator, u k is the single particle wavefunction. The many-particle Hamiltonian is
where m is the mass of the boson, V (x) is the external potential, e.g. the trapping potential in case of the trapped atoms. Because of Bose-Einstein statistics, at a low temperature, there may be a finite density of bosons in the zero-momentum (k = 0) state. A general criterion for
Bose-Einstein condensation is the off-diagonal long-range order of the one-particle density
, where ρ is the density matrix [7, 8] :
, where the condensate order parameter Φ(x) is the eigenfunction of ρ 1 with the largest eigenvalue. It is recognized that Φ(x) = ψ(x) , i.e. it is the thermal average of the field operator with spontaneous gauge symmetry breaking, which referrs to the phenomenon that the ground state depends on its phase, although the original many-particle Hamiltonian is invariant under a global phase change ofψ(x) [8] [9] [10] [11] . For convenience of this paper, let us set φ(x) = Φ(x)/ √ N , so that |φ(x)| 2 dx is the fraction of condensed particles, and is 1 in the limit of zero temperature and zero interaction.
In general, φ(x) is governed by a nonlinear Schrödinger equation:
which, under s-wave approximation U(x − y) = U(x)δ(x − y), is simplified to the Gross-
where g = dxU(x) = 4πh 2 a/m, a is the s-wave scattering length. The origin of the nonlinearity is the interaction energy between individual bosons. Therefore although the underlying fundamental quantum mechanics is linear, the condensate order parameter, as an emergent and effective quantity, is governed by a nonlinear Schrödinger equation. It is this effective order parameter, a measure of the macroscopic quantum coherence, that we suggest as a new approach to quantum computation. By using many Bose-Einstein condensates, each of which represents a qubit, we may build a quantum computer. Recently it was demonstrated experimentally that the inter-atom interactions, and thus the nonlinearity in the evolution equation of φ, can be tuned [12] . Therefore, if we turned off the nonlinearity, we may construct linear gates. On the other hand, the nonlinearity turns out to be an advantage, since it may be used to solve NP-complete and # P problems, and to go around various impossibilities in quantum information processing originated from linearity.
The class of NP-complete problems is a foundation of the computational complexity theory. This unfortunately includes thousands of practically interesting problems, such as travelling salesman, satisfiability, etc. NP stands for "non-deterministic polynomial time".
NP-complete problems are those for which a potential solution can be verified in polynomial
time, yet finding a solution appears to require exponential time in the worst case. The completeness means that if an efficient, i.e. polynomial-time, algorithm could be found for solving one of these problems, one would immediately have an efficient algorithm for all NP-complete problems. A fundamental conjecture in classical computation is that no such efficient algorithm exists. AL found that with nonlinearity, a quantum computer can solve NP-complete problems by efficiently determining if there exists an x for which f (x) = 1, and can solve #P problems (including oracle problems) by efficiently determining the number of solutions [3] . Their algorithm is based on one or two one-bit nonlinear gate together with linear gates. However, it is an experimental fact that fundamental quantum mechanics is linear to the available accuracy, while nonlinear fundamental quantum theory [13] usually violates the second law of thermodynamics [14] and the theory of relativity [15] . Lloyd and Slotine considered the possibility of exploiting the effective nonlinearity due to weak feedback, but with a negative conclusion [16] . Our approach does not belong to this situation, since our nonlinear qubits are implemented not simply in terms of the pure state.
It should be noted that the nonlinearity of the evolution of φ(x), as in Eq. (2), is a qualitative one, and is consistent with the linearity of the underlying quantum evolution.
Indeed, the condensed fraction of particles is 1−(8/3) a 3 /πv, where v is the specific volume [9] . It indicates that with the presence of interaction, the atoms cannot all be condensed, and thus φ(x) cannot be reduced to the pure state which evolves linearly. Actually, this nonlinearity leads to many nonlinear phenomena, e.g. four-wave mixing [17] , dark solitons [18] , some special features of the interference patterns [19] , etc. The approximation lies in the s-wave approximation, which reduces Eq. (2) to Eq. (3), which is of Weinberg-type nonlinearity [13] . The error due to this approximation is that of our calculation instead of a physical one, and can be improved. It was found that the errors for various quantities are only of the order of 1% [20, 21] . Moreover, such an error is not amplified during an evolution, seen as follows. The evolution operator is exp(iHt) = exp(iH s t + iδt), where H is the exact
Hamiltonian for the condensate parameter, H s is the s-wave approximation, δ is the error.
If at t = 0, δ/H s = ǫ, then at any time the ratio between iδt and iH s t is always ǫ.
As illustrative examples, two ways implementing our idea are described in the following.
One way is to use a symmetric double-well trapping potential V (x) (FIG. 1) , which has been formed in experiments [22, 5] . The tunneling effect of the condensate has been investigated theoretically by numerous authors [21, 23] . We may represent |0 and |1 as the localized state at the two sub-wells, respectively. Thus |i = φ i (x)|x dx (i = 0, 1), where
is the ground state for the local potential at the vicinity of the minimum of the the well i, which may be a parabolic oneṼ (2) (x − x i ). Because of the finiteness of the barrier in the double-well, |0 and |1 are not strictly orthogonal, but can be very nearly so, i.e.  . In this case, the Gross-Pitaevskii equation leads to ih∂ t |n(t) =Ĥ|n(t) , witĥ
represents the tunneling effect, κ = g dx|φ 0 (x)| 4 , E is the ground state energy of each local potential near the vicinity of x i , the bottom of the well, corresponding to u(x − x i ).
When the s-wave interaction is turned off, κ = 0, we may have an arbitrary one-bit unitary transformation, depending on the time span τ :
Therefore we can build one-bit linear gates. When the s-wave interaction is turned on, κ = 0, we have a twisting rotation in the state space spanned by |0 and |1 . By choosing appropriate time span, in principle this can be used to build the one-bit nonlinear gates.
A coupling between two condensate qubits may be obtained by using atomic dipoledipole interactions, which are considerable either for the magnetic moments of trapped atoms with high magnetic moments [24] , or for the electric dipoles induced by strong dc fields [25] . With the presence of dipole-dipole interaction, in the above one-bit Hamiltonian,
is nonlinear even if κ = 0. A two-bit gate may be constructed by putting together two double-wells, each of which confines a condensate. They are close to each other in a faceto-face way (FIG. 1) , i.e., |0 a is close to |0 b , and |1 b is close to |1 b . Then the coupled
) is the dipole-dipole interaction. It can be simplified by considering that
). The two-bit evolution can thus be simplified to the following coulped Equations,
where α
. The last terms of these equations represent the conditional interaction between the two qubits, providing the basis of a two-bit operation. In principle, two-bit operation for the qubits not close to each other can be realized by combination of those between neighboring ones, like swapping operations [26] .
Since the atomic dipole-dipole interaction gives rise to nonlinearity, several questions arise. For example, how to construct linear two-bit gates with Bose-Einstein condensates?
How to realize, say, a swapping operation based on nonlinear evolution? Can nonlinear gates be universal? Can linear gates be constructed out of a nonlinear theory? How to solve the NP-complete and #P problems based solely on nonlinear gates? It is also interesting to investigate how to do error correction for nonlinear operations [27] . All these are remained for further studies.
One may also encode the qubit by the internal states of a condensate in a single well, represented as |0 and |1 . A general qubit is then |m(t)
In the presence of the coupling between the internal states and the (time-dependent) motional states, b 0 (t) and b 1 (t) are not simply time-dependent coefficients, but the motional states, i.e., b i (t)= φ i (x, t)|x dx (i = 0, 1). In general, φ 0 (x, t) and φ 1 (x, t) are governed by two coupled Gross-Pitaevskii equation [28] ,
, where ω ρ and ω z are respectively the axial and radial trap frequencies, z 0(1) denotes the position of the minimum of the trap for each internal states, λ µ and λ ν are due to the scattering between the same and difference internal states, respectively, γ denotes the detuning between the internal state and the driving field while σ represents the coupling strength. Coupling the internal state with an electromagnetic field gives rise to one-bit operations, linear when inter-atom interaction is turned off, and nonlinear when inter-atom is turned on. The two-bit gates may be built again by using dipole-dipole interactions, which also modify the one-bit evolution. An
, is added to RHS of each of the two coupled equations above. For the two-bit operation, we have four coupled equations for φ 0 (x a ),
In the evolution equation of φ 0(1) (x a(b) ) , in addition to the terms originating from one-bit evolution, as given above, there is a (time-dependent) qubit-qubit
Consequently we have a conditional two-bit operation. An intuitive understanding is that there is a vertical displacement between the origins of trap potentials for the two internal states [28] , as shown in FIG. 2 , hence the interaction between the two qubits depends on the states of the two qubits.
The read-out of the computation may be realized by measuring the population distribution and the relative phase. It was pointed out that Bose-Einstein condensates can be entangled with photon states [29] . This provides another read-out technique, and also implicates that a nonlinear gate with condensate qubit might be integrated into a linear quantum circuit with other qubits, thus implementing the specific algorithms in Ref. [3] .
To summarize, we suggest using macroscopic quantum coherence, especially the BoseEinstein condensation, to realize quantum computation, because the condensate order parameter possesses coherent properties and is measurable. This approach is robust to a certain degree against both microscopic details and environment. As an emergent effective entity, the condensate order parameter is described by a nonlinear Schrödinger equation, and the nonlinearity due to the inter-atom interaction is tunable. Therefore a further advantage is that in principle one may build a nonlinear quantum computer capable of solving the NP- 
